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Abstract—The paper proposes an improvement of the grid
warping algorithm for solving the edge sharpening problem. The
idea of the grid warping is to transform the neighborhood of
the edges in order to make the edge transient area thinner. This
approach does not amplify the noise and does not introduce
ringing artifact. The idea of the improvement is to analyze the
curvature of the gradient field at edge point and adjust warping
vectors.

Index Terms—Image deblurring, edge sharpening, grid warp-
ing, curvature analysis.

I. INTRODUCTION

Image deblurring has been one of the challenging image
processing problems for a long time. It is typically posed
as finding a sharp image I0 from the blurred observation IB
according to the blur model

IB = I0 ∗H + n (1)

where H is the blur kernel and n is additive noise.
The problem (1) is ill-posed and cannot be solved directly.

Regularization-based algorithms [1] provide an effective so-
lution for this problem if blur kernel H and noise n are
given with sufficient accuracy. Usually these algorithms have
parameters that set a balance between sharp result with high
probability of noise amplification and introducing ringing
effect and smooth result with some blur remaining but with
low probability of artifacts.

In real applications, the blur kernel and information about
the noise type and level are not known and have to be
estimated. There exist some approaches for blind image de-
convolution [2, 3], but they are effective only for images with
uniform blur and noise. The non-uniformity of image blur,
errors in blur kernel and noise estimation negatively affect the
quality of the result.

Another approach for image deblurring is using grid warp-
ing algorithm to sharpen the edges by making the edge tran-
sient areas thinner (see Fig. 1). The work [4] has introduced the
warping approach for image enhancement by representing it as
a solution of a differential equation. The solution of the equa-
tion is used to move the pixels from the edge neighborhood
closer to the edge while stretching the areas between edges.
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The method has several parameters with difficult choice of the
optimal values. Also local warping constraints affect the image
globally resulting in distortion of image structures. In [5]
warping vectors are calculated directly using left and right
derivative values. In both methods [4] and [5], the warping
vectors are proportional to gradient magnitude. It results in
different sharpening strength for low- and high-contrast edges
even if they have the same blur level. The warping can
be expressed as morphology-based sharpening [6] and shock
filters [7, 8, 9]. But these methods make the image appear
piecewise constant which is effective mostly for cartoon-like
images.

(a) Typical image en-
hancement approach

(b) Edge profile (c) Warping approach:
pixels are shifted

Fig. 1: The idea of edge sharpening by grid warping.

The warping algorithm proposed in the papers [10, 11]
eliminates the problems of the algorithm [4] by posing another
differential equation and proposing a direct solution. The
algorithm introduces a displacement function — a function
that directly defines the shift vectors for one-dimensional edge
profile. For each image pixel the warping vector is calculated
as a weighted sum of displacement vectors for the edge profiles
over the surrounding edge pixels. The work [12] improves the
result of this algorithm by optimizing the displacement func-
tion that correspond to real optic blur. Also the implementation
is robust to blur level estimation.

Compared to the classical image deblurring approach (1),
the grid warping approach does not change the noise level
and does not introduce ringing artifact. At the same time,
sharpening by grid warping is applicable only to the edges
while textured areas are kept intact. Therefore, the grid warp-
ing cannot be used as a standalone image deblurring algorithm
but it is effective as a post-processing algorithm after existing
image deblurring methods [12].



In this paper, we present an improvement of grid warping
algorithm proposed in [12] by paying special attention to
corners. The edges with sharp corners are displaced during
blur but their position is not fully restored by image deblurring
algorithms. We analyze the curvature of the gradient field in
edge areas and perform additional warping to make the corners
sharper.

II. GRID WARPING

In this section we describe the idea of edge enhancement
using pixel grid transformation [12].

A. Single edge sharpening

Firstly, we consider the model with single straight edge in
the image. In this case, the warping vectors are orthogonal
to the edge and their magnitude is defined as a function of
distance to the edge called the displacement function.

For any edge g(x) centered at x = 0 its sharper version h(x)
can be obtained by shifting the pixels from edge neighborhood
towards the edge. The displacement function d(x) describes
the shift of a pixel with coordinate x to new coordinate x +
d(x) [11]:

h(x+ d(x)) = g(x).

The following restrictions are applied to the displacement
function:

1. The transform should be monotonic, i.e. the relative
order of pixels should be kept. It can be expressed as the
displacement function constraint:

d′(x) ≥ −1. (2)

2. The areas far from the edge should not be affected by
grid warping:

d(x)→ 0, |x| → ∞.

The choice of the displacement function d(x) influences
the grid warping output. On the one hand, the edge should
be as thin as possible. On the other hand, there should not
be gaps between adjacent pixels due to stretching. Also the
displacement function should correspond to the blur type. The
paper [12] suggests using the following displacement function
for common types of optic blur:

d(x)[a] =


−x, |x| ≤ a,
3a−2|x|

a signx, a < |x| ≤ 3
2a,

0, |x| > 3
2a,

where a is the parameter proportional to blur level.

B. Grid warping for 2D images

The papers [10, 11] describe how grid warping for edge
sharpening is applied for 2D images.

1) Single-edge algorithm: The simplest algorithm consists
in finding the nearest edge for every pixel and applying the
one-dimensional algorithm using that edge (see Fig. 2). It
includes the following steps:

1. Estimate the blur level for the edges.
2. For all pixels in the neighborhood of the edge compute

the distance x to the nearest edge point.
3. Calculate the displacement value d(x) and perform pixel

shift towards the edge.
4. Interpolate the image from the warped grid to the old

uniform grid.

Fig. 2: Displacements for two-dimensional grid warping. Thick
blue line represents the exact edge location, white circles
represent edge pixels, black circles represent pixels from the
edge neighborhood.

The edge map has a great influence on the result of grid
warping as only detected edges will be sharpened. We use
the result of Canny edge detection [13] as the input of the
algorithm. The result of image warping is highly dependent
on the parameters of the Canny method (σ and high threshold
Thigh).

2) Multi-edge algorithm: Multi-edge algorithm performs
grid warping towards all edges from the neighborhood of the
processed pixel using weighted averaging of individual warp-
ing vectors for each edge pixel. The weights are proportional
to the distance to edge pixels, to gradient magnitude in edge
pixels and to the angle between the gradient direction and the
line connecting edge pixels and the processed pixel:

~d(P ) =

∑
Q∈E(P ) w(P,Q)~n(Q)d((~n(Q), P −Q))∑

Q∈E(P ) w(P,Q)
,

where ~n(Q) = ~g(Q)
|~g(Q)| is the unit vector corresponding to edge

profile (gradient) direction, (~n(Q), P −Q) is the projection of
the vector

−−→
PQ onto the one-dimensional edge profile, E(P ) is

the set of edge pixels Q in the neighborhood of the processed
pixel P and w(P,Q) is weight coefficient. The size of the
neighborhood is chosen in accordance to the support of the
displacement function d(x).

The weight coefficient w(P,Q) is defined as

w(P,Q) = |~g(Q)| exp
(
−|P −Q|

2 − (P −Q,~n(Q))2

2σ2
w

)
,



where the value |P − Q|2 − (P − Q,~n(Q))2 is the squared
rejection of the vector P −Q onto edge profile direction. The
value σw is chosen proportional to the blur level. For instance,
for Gaussian blur with parameter σ, we use σw = 2.5σ.

3) Interpolation: The idea of interpolation from the warped
grid to the uniform grid is as follows: the value of pixel P is
computed as a weighted sum of intensities of all points on the
warped grid in the neighborhood of the pixel (see Fig. 3c):
for a given radius ρ and all neighboring points N(P ) = {Q :
|Q−P | ≤ ρ} the value of a warped image Iw at P is computed
as

Iw(P ) =

∑
Q∈N(P )

1
|P−Q|I(xk, yk)∑

Q∈N(P )
1

|P−Q|
.

We use the interpolation radius ρ = 1.5. Its size is
determined by the maximal distance between pixels after grid
warping. The interpolation step introduces small blur effect
but its influence on the sharpness improvement is very small.

(a) displacements (b) warped grid (c) interpolation

Fig. 3: Interpolation after grid warping [14].

III. CORNER PROCESSING

A. The problem

Sharp corners of image edges are represented by high-
frequency components. When the image is blurred, the high-
frequency information is lost, and the edge corners become
rounded (see Fig. 4). Restoring the missing high-frequency
information is a challenging problem, and the edge corners
often remain rounded.

We suggest an approach based on calculating the edge
curvature and adjusting the warping vectors in order to restore
the corner sharpness.

B. Curvature

We calculate edge curvature using curvature analysis of the
vector field derived from the image gradient field. For each
edge pixel, the direction of the gradient is orthogonal to the
direction of the edge. We consider a vector field ~V = (u, v)
constructed from normalized image gradients rotated by 90
degrees clockwise:

u(x, y) =
Iy
‖∇I‖

, v(x, y) = − Ix
‖∇I‖

.

In this case, the edges become tangent curves of field ~V .
A curve L is called tangent curve of the vector field ~V

if the following condition is satisfied: For all points P ∈ L,
the tangent vector of the curve in the point P has the same
direction as the vector ~V (P ).

Ground truth image and its edge map

Blurred and noisy image

Image deconvolution with TV regularization [15]

Deconvolution + warping post-processing [12]

Fig. 4: Edge contour deformation after image deblurring.

A curvature of a plane curve L(t) = (x(t), y(t)), with
constant velocity condition

(x′(t)2 + y′(t)2) ≡ 1 (3)

is calculated as
κ(t) = ‖L′′(t)‖.

The unit normal vector

N(t) =
L′′(t)

‖L′′(t)‖



describes the rotation direction.
In order to calculate the curvature of the edge at the

point P = (x0, y0), we do not need to find the entire
curve L(x(t), y(t)) passing through the point P at some
t0 : x0 = x(t0), y0 = y(t0). We need to calculate only the
second order derivative L′′(t0).

The first order derivative of L equals to the vector V (x0, y0)
by definition and constraints:

L′(t0) = (x′(t0), y
′(t0)) = ~V (x0, y0).

The second order derivative is calculated using the chain
rule:

L′′(t0) = (x′′(t0), y
′′(t0)) =

d~V (x0, y0)

dt
=

= ~Vxu(x0, y0) + ~Vyv(x0, y0).

To improve the accuracy of curvature calculation, we ex-
press ~Vx and ~Vy analytically through partial derivatives of the
image I and calculate them as convolution with derivatives of
a Gaussian filter:

G[σ](x, y) =
1

2πσ2
exp

(
−x

2 + y2

2σ2

)
,

Ix = I ∗G′x[σ],
Iy = I ∗G′y[σ],
Ixx = I ∗G′′xx[σ],

and so on

The parameter σ controls the smoothness of the obtained
curvature. Low values of σ produce more accurate results
but are sensitive to the noise, while high values σ reduce the
influence of the noise at the cost of less accurate results.

Fig. 5 shows an example of curvature and rotation direction
calculation.

Input image The result

Fig. 5: An example of curvature and rotation direction calcu-
lation. Color (hue) corresponds to the direction of the rotation
vector while the intensity is proportional to the curvature value.

C. Warping vectors adjustment

After calculating the curvature map, we adjust the displace-
ment function for each edge point P profile according to
rotation direction and curvature value: we perform additional

shift of the edge centerline by some value s depending on the
curvature value. In order to make the result smooth, we use
the Gaussian function:

d ∗ (x)[a] = d(x ∗ (x))[a],

x ∗ (x) = x+ s exp(− x2

8a2
).

Although the research of choosing the optimal coefficient
s has not been completed yet, we suggest the following
restrictions to the value of s:

1. The rotation direction vector is projected to the edge
profile in order to choose the right direction of the edge
position adjustment.

2. The coefficient s depends of the curvature value and edge
blur level:

s = s(κ, a).

3. The adjustment should be made only when curvature is
high:

κ > f(a)⇒ s = 0.

Here f(a) is a threshold function depending on the edge
blur level a. The function is calculated experimentally.

4. The maximal shift should be limited according to the blur
level:

|s| < a/2.

D. Discussion

We have applied the proposed algorithm to photographic
images from TID database [16] with modeled blur and noise
artifact. We have compared the results of the described above
original grid warping algorithm [12] with its proposed en-
hancement. Warping is applied as a post-processing algorithm
after regularization-based image deconvolution with Total
Variation stabilizer [15].

The result of applying the proposed algorithm are shown
in Fig. 6 and Fig. 7. Compared to the original grid warping
algorithm, the improved version makes the image corners less
rounded. This effect improves the perceived sharpness.

The objective PSNR and SSIM values are the same for both
algorithms. This is caused by the fact that only few corner
pixels are processes and its contribution to overall image
metrics values is negligible.

IV. CONCLUSION

A modification of grid warping based image sharpening
algorithm has been proposed. Grid warping approach is able
to increase the edge sharpness without introducing ringing
artifact or noise amplification. It has been shown that the
proposed adjustment of the warping vectors using the analysis
of edge curvature can further improve the perceived sharpness
of edge corners.



Blurry and noisy input image Deconvolution [15]

Deconvolution + warping Deconvolution +
without corner awareness [12] proposed method

Fig. 6: The result of edge corner sharpening by the proposed
algorithm for the synthetic image.
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